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Due to the pandemic the organizational form of this lecture is not fixed right now!
Start 1s Thursday, 2 March 2022 online via zoom (see moodle)

Classroom lectures may be possible from 21 March 2022 on

Further information will be given in the lecture. Times are volatile nowadays!

During the pandemic, I always had ideas, who to deal with the uncertain situation, but always I
hade to bow force majeure. Therefore I do not make any annoucements in advance.

But I can assure you, that we will find a good teaching concept!

Kind regards Bernhard Koster




Room:

Street:

location:

Tel.

Email:

Consultation hour:

Prof. Dr. Bernhard Koster

S113
Friedrich-Paffrath-Stral3e 101
26389 Wilhelmshaven

+49 4421 985-2766

@rd.koester@jeﬂ:}i@

by arrangement

or just have a look into my office!




Some open resources

((Openlntro Statistic S —

N——
L

Statistical Thinking for the 21st Century

: J— 7
{ MIT OPENCOURSEWARE h

-> there 1s much more!!!



https://www.openintro.org/book/os/
https://statsthinking21.github.io/statsthinking21-core-site/
https://ocw.mit.edu/courses/find-by-topic/#cat=mathematics&subcat=probabilityandstatistics
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Introduction and Revision

!Means and Median }
ispersion: MAD, Variance, Standard Deviation, Coefficiant of Variation

Contingency table and independence

Bayes' Theorem
Random Variable

———

————
——

L ———

LProbability Disterunction and cumulative distrib@

——

Central limit theorem




A Example ) W K\ ﬁ/ )

; K% ./4{?2-&‘\’ 7

1) Generate inExcel 4 sample of the length of 15 male %m and a maxinm
deviation of 25¢cm. W HV Dl Wt & [

ST Unbrus alstly

and the median of the distribution.

2) Calculate the

3) Calculate the MAD C stanczgfj deviatiorz and thé_ caefficient of Variatio/( of )%? v
distribugrOn. ' /A Mo =X, _= =
= (2R {ORFZ %

4) Generate cl'a sample of the length of 11 female students around 165¢cm and a maximu
deviation of 20cm.

5) Calculate the contingency table of the attributes gender and lenght
((0-155),[155,170),[170,185),[185,200] and the marignal distributions

1) Are the attributes gender and length statistically independent?
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BT L e et~ Introduction and Revision

* Dispersion: MAD, Variance, Standard Deviation, Coefficiant of Variation
—_— —_— —— //
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Bayes' Theorem

Random Variable
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Example

1) Generate in Excel a sample of the length of 15 male students around 175¢cm and a maximum
deviation of 25cm.

2) Calculate the arithmetic, geometric, harmonic mean and the median of the distribution.

3) Calculate the MAD, variance, standard deviation, and the coefficient of variation of the
distribution.

—————

4)

Generate in Excel a sample of the length of 11 female students around 165¢cm and a maxi@
deviation of 20cm. T -

e

5) Calculate the contingency table of the attributes gender and lenght
((0-155),[155,170),[170,185),[185,200] and the marignal distributions

1) Are the attributes gender and length statistically independent?




Conditional probability

The conditional probability of an event A 1s the probablity of the occurence
the event A given event B has happened (or happens simultaneously with A)

— conditional probability of A given: P(A | B).

Definition:

P(ANB)
P(B)

P(A|B) =

Bayes Theorem:

})(AB}%Z




Goats and Cars

Round 1: You choose a door

N — — —

a goat

Round 2: You re asked if you want to change doors

What is your decision?
If you don't believe it, try to simulate this in Excel!
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Random Variable

Definition:
A Random Varlable X s the mapping of the sample space Q into the real

numbers R. That means eyery.clementary even{A)maps onto a real number
@nd the probability p. :‘ @% p(x;) 1s known.

—> p; 1st the probality that random Variable@ equals the




Random Variable — Explainations

Every possible event of a random experiment can be expressed via a
random variable.

Random variables are expressed in capital letters.

Example: dice with sample space X 1s element oi{ {1,2,3,4,5,6}»
Thef a random variable 1s expressed in lowercase
letters:

Example rolling dice: X realizes the Valu

Probality in the example of rolling dice:

P(x < 5) =22 ><13

—\"

6 &7




Discrete and continous random variables (RV)

Discrete RV:

T ——

RV, which have only a finite or countably infinite realizations.

—

Continous RV:
;_’/

RV which can realize within an intervall every possible real number.

T&eaﬂzfa}écﬂéw' (e Tehoal
A) 5 ot A LS —2 20 wgpndsts
M 4 Rk s %(-apfow\va aasd R s s

Lo @ cn el




Discret Continous

Probability mass function: Probability density function: 5
’ b) Bus D’L“’P

P(X =x " A oA 37 [ s
C) p’j /() Z “ J 0,

I(

Cumulative distributio ction: Cumulative dlstrlbutmn funal\ggb % 0(74/ 2 )
P(X <x) p(x ) qb’b

; M MFW ; :
—_ Ve
Expectated value: Expettated value : o s M

E (Xj xjoé@f(x)dx >
Var(X)=0" {E@f (x)dx

\ /

A\




Calculating with the Expectated Value and the Variance

Constant:

E(a)=a) Yy o
Constant factor: Y N@)(); i(‘“é"@%} 0 EO()

E(a-X)=a{EX) e L
Var@) {a) VarC) |\ ke

Linear Transformation: \

E(a-X+b)=a-EX)+b

Var(@ﬁ?) zéz’?- Var(X)

g




Probability Axioms

Axiom 1: P(A) > 0 for all A e@
Every event has aTion negative probability

Axiom 2: P(Q) =
The certain event has probability 1

Axiom 3{ P(A U B) = P(A) + P(B) lf@:@
Addition rute—fe Cdisioint ovorT




Rules

N

/ Rule 1: P(A U l})\v P(A) + P(B)

Addtion rule for anly events

—

‘ Rule 2: P(A\B) = P(B) — P(A nB)
A without B \"

Rule 3 1-— P(A)
Pro ity of complementary event

& peramod w




Conditional probability

The conditional probability of an event A 1s the probablity of the occurence
the event A given event B has happened (or happens simultaneously with A)

— conditional probability of A given B: P(A | B).

Definition:

e

P(A|B) =;7%P(§(E)B |

\_/

Bayes Theorem:

e—

ra 5y~ PELAPC)




Example

Suppose the following probabilities are known: '
pp gp /‘\ WMM :D
P(A) = 0.5: P(B) = 0.3;
L ~— — J¢ -
Calculate _ o b ?vd?‘"9 "“’l'O \//
a) PAUB)  b) ( ¢)  P(ANB) d)  P(A\B)
g Y o, &= &%
) 7] =P TEFZP () = 61 2% L
gy = 4D oz = e,
b) (D) 0,3 o




Statistically independent events

P(A@) = P(A) or P(B|@ = P(B)

_—
P(ANB) = P(A)- P(B)
- __—

- —




Statistically independent events: Example
V\/L Tud cpulnd D65 gat F4 0 I’b\’éé‘« 36 5]

vester 1988 in Casino in Konstanz at the roulette table) the event
Em beecured 9 times in a row. Calculate the probability of this
‘ N —

Z 105 _2.z. =%
event p== ?(x%f’@?%w% aym)_g? 5 7

T
gd s z N2
Suppose in class two students have birthday at the same day. What is [/, ;L(-/fO

o5 the the minimum number of students in class, that the probability for

\5 ( thi is 50% o |
W '"ﬁ»/ﬂd” 61«2 eSVﬁn ;@%e/@:ﬁzewmg+ 3@ Juist L0

e eciic Wiz ’B,“f&’\ﬁ?/
ok ,((/10{/ bws ;szf:(v‘sz &"‘/Lb’ 0’22((_(, PJ%(QL(AM. /&ﬁ

Vv >
<K ShuoleA 563 - - -. et o
6538 - . 365 —l=t) P AN s, JSEQ%




Total Probability

If the sample(space €2 gonsists of Tn k dlSJOlnt ele | events A, /then the
probablhty of even
’ - / 7
k
- pefiEi
—=L N
\




Total Probability: Example

Every day a small village 1s visited by a postman. If he 1s in good mood he 1s
in time with probability 90%. If he is in bad mood he is late with probability
40%.

\

What 1s the probability that he is late at any day, 1f he 1s on average in good
at 7 out of T0days? 469 U 4005

T P i
?(?W VS [.a\e) — ?C?oﬁu%fm\r{{ 8ood)<q>(63 d

0%/
P (Tasoic L 28 ot

(@)
0 0% o= A3
e

P
LA

—
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Total Probability and Bayes Theorem

Suppose you are testing for a rare illness and you have the following probabilities: [9(
D Y

A= {patientislI}
B = (test is positive}- @ K7 00}
Since we have a rare illness:(P(A) = 0,12 ? C 0\

Vi
Since atestdeesmethave 100% accurancy, from surveys we have: /3 L}Q

0
Suppose your test result is positive. What is the probability, that you are really 111? ‘{— l/'/W ﬂﬂ?‘lﬁ/&s

. 0%,

P3) = PLBAPLO T RBITR) Teket prisly’ aor
(wlhok 3wt Yo o 75?(/9 ﬂlf(g~@b00/‘

P Cﬁ /?3) — TEEW

.88 - 0,004 4003 45
Sk /' 73 e
/ =550 ) poAL,
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Binomial distribution

A random experiment has@ﬂltcomes (success and failure).

The random experiment will be repeated n times.

What 1s the probability to be k times successful within n = k repetions

——

Every repetition 1s independent from each other. Within every repetition
succes has probability p sind Tailure probabilit
\4




Binomial Distribution

Suppose p of ,,success® is known define the random Var1able X =,,number of succes k*
within n = k repetitions. RN N

\

7)
\

3
;\
s

|
%\
<




Examples Binomial Distribution

1. Probability within 10 throws,of a dice to Optain 3 times a 6?

_—

o =1 = (Pipda—p0)

2. Probability to move the first time in the game ,,Mensch drgere Dich nicht®
(Hombre, no te enfades)?

3. You play four different statistically independent Lotter{s. The probability of
success 1s always 20 %.

a)  What is the expectated value and the variance an \siandard deviation?

b)  What is the expected payoff, if every SWS?‘ —
c) Calculate the probability to win exactly two times

d) Calculate the probability that you loose at least three times.

(,()l/l:l/f F'I(Q

Skoteo = W = 28

— — A0 B =
Q/ Elnox) =/ 2 éz%“” L 64 n//lfg/p
[,(:2 <l;_) @LZJ (ng — A24-2 Aeo 100 ~7

-
095%:{'& to p=2,3 %)@: 2 ‘('(ﬁ_) @lg('qfr\ﬁ; g/(%

n— A6 K 7-\5 P:/«Z;
@)=

v 4557




Continous Random Variables

he probability of the realizationwithi me specific interval
W the area below the density function f(x): j( A

P(a<X<h :? (x)dx

G-I

m‘aws




Properties of the density function

Values of f(x) cannot be interpreted!

If the length of the intervall reaches zero (a = b), also the area
reaches zero:

— | PX=x%)=0

B ———

The whole area below the density function equals 1 (certain event):




Example Density Function “ig\/ﬁf

Student Mike 1s always late 1n the statistics lecture. His delay is a gU, o ;’//
continous random variable with the following density function 4 ALZ

Fx) = @—gx for 0 <x <4 éMo
(0 otherwye ZLA A
/'A/{/t /‘\////7\)
Lt MOL/)M/

1. Whatis a?
. Sketch the density graphically
3. Calculate the probability that Mike 1s between 1 und 2 minutes
late at some specific day.
4. Sketch the cumulative distribution function graphically
5. Calculate the Expected value and Variance




a [1,2] density, cumulative distribution, E(X) Var(x) Example Density Function
£x) = {a — %x for 0<x<4 7 &(:F) — g 2 By /zt{, g% ]'solve( int(a-(1/8)x dx; 0..4)=1,a)
0

plot(1/2-x/8,0..4)

otherwise =) X )
i {éh int(1/2-x/8),0..y
3 ) XA -0 X>0('>L ALY )Z plot(-1/16 (-8 +y) y,0..4)

/ z ( J int(x(1/2-x/8)),0..4
— i><{ / A2 int((x-4/3)"2(1/2-x/8)),0..4
g - 53 =
- = — T A
¢ A 6

https://www.wolframalpha.com/




Uniform distribution
The density 1s constant over a given Interval [a,b]. This means, that

every subinterval with same length have same probability
AN

= af‘ =
otherwise

a—+b

E(X) =

2

2 S—
EY . < | ar(x) = /é (b—a)’

e

————




Uniform distribution




Suppose you are the COP (Chief of Production) within a brewery. Example
Furthermore the maschine shows a filling quanatity of the bottles 1s

0,568L. But you suppose, that real filling quantity is uniformly
and 0,58L..

distributed around

What is the probability that the filling quantity 1s less tharé 0,5 6Lf_}

()= X ogtix 2055 O obruwise
0 55-0,666
— SIS M/\
— 0,04 |
A 1
@/OL'{T m—_y

b ok

— = G @5‘/
= Rrcosiy) = L2t ,_ f»/zc (A




Normal Distribution A

The normal distribution or gaussian distribution 1s the most important /
distribution. A _ PN

—

X ~\N il
We write:




The importance of the normal distribution

* Many empirical distributions follow at least approximately the normal
distribution

* Many discrete distribtions can be approximated by the normal
distribution. I.e. Binomial distribution

» |The distribution of the sample indepent with respect to the underlying true
: 1str1t1ut10n 1S apy roximated by the normal distribution for large samt)le

* The nognal distribution 1s the basis theoretlcal models

(@ () + @ @99




_

Normal distributionL

¢ chdn
W E spramsie £

X 1 x o (t-p)?
F#o) ()= 20° ¢




Properties of the normal distribution

The normal distribution is a 2-parameter-distribution in # and o
A

N@ @ 1s symmetrically around x = u

The density function has turning pointsat x=u+ o and x=u—o
sz

The density function flattens 1f the variance goes up.

The density function reaches the x-axes
asymptotically at +oco and —oo.




The standard normal distribution

Normal distribution with @
Z ~ N (0;D)

Maximum atz=0

Turning points at z = @

In order to calculate probabilities the cumulative distribution
function is tabulated and implemented in every standard /

spreadsheet programm like excel (MS office) or calc (libreofﬁJe)

S

Every normally distributed random variable can be transformed
in a standard normally distributed random variable
(Standardisierung)




Normal distribution and standard normal distrib/utwpw

0 Wi

* Wehave dD(—c) = I\~ D(c)

_ 257,
* Generally, we obtain: \ X= /vt
P(@S@:PGZ—I— < :KP(Z (

L zz
or %é‘_%

- i &
J (o) (x)

46
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Normal distribution and standard normal distribution
e Suppose X ~ N (g;5°) then

z=2X"H __ N@O:D
O

* Wehave dD(—c) =1—D(c)

* Generally, we obtain:

P(X <x)=P(Z+u<x)=P(Z < x;"‘)

or

F 7D ()= D (——)
O




f(z)

Relevant Values of the standard normal distribution

z

F(z)

-2.58

0.5%

-2.33

1%

-1.96

25 %

-1.64

5 %

-1.23

10 %

49



Point estimator for the mean j1 of a parent distribution

General random variable

|
specific sample with concrete values
1 n
=% %
n =1

Xi: Capital letters — random variables.

fil =X

x;: Lowercase letters — concrete values of the random variables
within a specific sample

— The arithmetic mean of a sample is the estimator of the true
mean of the parent population.

50



Point estimator for the proportion 7 of a parent
distribution

In analogy to the estimation of the unknown mean via the
arithmetic mean, the estimator for the unknown proportion 7

of a parent population is given by:
T = % k: number of successes out of sample size n

— 7 is the estimator for the true proportion 7 of the parent
population.




Point estimator for the varinace 02 of a parent distribution

The estimator 62 of the unknown variance o2 of a parent
population is given by:

n . _
52 = — ;(x; —X)2

— The sample variance 42 is the (unbiased) estimator of the
true variance o2 of the parent population.

52



Classical criterions of optimal estimators

Unbiased estimator:
An estimator # of a true parameter 6 is called unbiased, if the

expected value of the estimator equals the true value of the
estimated parameter 6:

E()=0 VY0ec© (O :parameter space)




Classical criterions of optimal estimators

Asymptotically unbiased estimator:
An estimator 6 of a true parameter 0 is called asymptotically
unbiased, if a sequence of the expected value of the estimator

E(6,) reaches in the limit the true value of the estimated
parameter 6

lim E(d,) =6 V9<c© (O :parameter space)

n—oo

54



Classical criterions of optimal estimators

Efficiency:

Efficiency describes the accuracy of an unbiased estimator. The
accuracy is generally measured via the variance. The estimator
with the minimal variance is called efficient.

— An estimator 6% is called efficient if

E(G*) = 0

>
S

Var(0*) < Var(

for all unbiased estimators 6.




(desired) properties of estimators

Consistency:
An estimator, which approaches the true parameter, if the sample
size is raised is called consistent. A sequence (6,) of estimators is
called consistent if for all € > 0:

lim P(|0,— 0] <¢)=1

n—o0

this means 0, is converging stochastically to € and is located for a

given sample size n within an epsilon-neighbourhood U,(#) of the
true value.

56



(desired) properties of estimators

» consistency in mean square
(MSE: Mean squared error):
A sequence (6,) of estimators is called consistent in mean
square if:
lim E([A, —6]?) =0

with
MSE = E([0, — 0]%) = Var(0,) — (E(0,) — 0)?

— with raising sample size n the difference between variance
and the displacement vanishes.

57



(desired) properties of estimators

Sufficiency:
An estimator is called sufficient, if all information about the true
parameter is used.

|dea:

Suppose you have a data set S of n independently distributed
random variables. Then we look for some mapping T(S) whose
values contain all information of original data set. Thus, efficiency

Is a concept in oder to reduce high-dimensional data-vectors to a
usable size.

58



Exercise

1. T(Xy,...Xp) => " q1aXjwith > ;a; =1 (a; > 0) is an
unbiased estimator for L.

2. % is an unbiased estimator for p of the binomial distributio
B(n, p).
3. 62 =131 (X; — X)? is an unbiased estimator for the

variance, if 1 is unknown.

4. 8%(p) = =37 1(X; — p)? is an unbiased estimator for the

variance, if p is known.
5. 82(X) = 37 (X; — X)? is an asymtotically unbiased

n
estimator for the variance, if 1 is unknown.

6. Within the linear unbiased estimators for 1, the arithmetic
mean X = %Z’,’-’:l X; is an efficient estimator.

59



Exercise

7. Suppose X ~ B(n, p): There is no unbiased estimator of the
standard deviation of the binomial distribution.

8. Show MSE := E([0, — 0]?) = Var(,) — (E(0,) — 0)?
9. Suppose Xi,...., X, are independently Bernoulli-distributed,

then T(X) = X1+ ... + X, is a sufficient estimator for p (T is
the total number of successes).

* Suppose Xi, ...., X, are independently normally distributed
and o is known. Then X is a sufficent estimator for /.

60
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wm—K /|,7 Cl/é _,3) 3) Within a manufacturing process on average 75% of the tools are correct.
01,) (I/{) PV\ (/,‘_ P) - a) Calculate the probability, that within a sample of n = 12 you have exactly 3

correct tools.

— > Z “3 /12 ! 3 y b) Calculate the probability, that within a sample of n =9 you have at least 8
3)(3> ( % - 5 Z ) Colcuinte the d val d standard f le of
—_ = _ A2 c) Calculate the expected value, variance and standard variation of a sample o
12/ (4 (13 Y

. 3 c:) n=25. )
_ 423 byt B W‘ TAA B AT AN 45

el - - - —2 = _—
Ak - N (1 gl } é/Y‘ [,f/"’ Y AN
‘s @J‘i y z/_y/}’zk A é%éé( /

y) Ple78) = Zlp e/t = Lo _ 0, 00%

ﬂz)(@?/g)(ﬂ&s’),’, ”“('( =/7




4) A producer of cocoa knows from experience, that the weight of the 125g-packs is _ O é )
normally distributed with p =125 Eand variance of 0% = C?L;/{ZS) =

a) What is the probability that the weight of a pack is exactly 125 g (argue)? /17 (A2 04 ‘74_/’ /30 % _/ | x
b) What is the probability, that the weight of a pack is within 120 g and 130 g? - - — ,é
c) What is the probability, that the weight of a pack is less than 110 g? %

What is the probability, that the weight of a pack is more than 140 g?
Calculate the symmetric interval around the expected value, such that with a
probability of 95% the true weight of a pack is within this interval.

Sketch your results graphically with the given distribution and the standard
normal distribution.

63







The annual yield [%] of stock investment can be approximated with a normally
distributed random variable with p=10 and o0=2.

a) What is the probability that the yield is within 8% und 14% liegt?
b) Assume that the yields oft wo different years are statistically independent.
i. What is the probability that the yields in two following years is at least

8% o
What is the probabnlty that the ylelds in the next 10 years will bQ
tha

c) Which yield can be maximally expected Wlth a probability of 99%? /\

) Pls£4417

65
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Normal distribution and standard normal distribution
e Suppose X ~ N (g;5°) then

z=2X"H __ N@O:D
O

* Wehave dD(—c) =1—D(c)

* Generally, we obtain:

P(X <x)=P(Z+u<x)=P(Z < x;"‘)

or

F 7D ()= D (——)
O




f(z)

Relevant Values of the standard normal distribution

z

F(z)

-2.58

0.5%

-2.33

1%

-1.96

25 %

-1.64

5 %

-1.23

10 %
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Point estimator for the mean j1 of a parent distribution

General random variable

|
specific sample with concrete values
1 n
=% %
n =1

Xi: Capital letters — random variables.

fil =X

x;: Lowercase letters — concrete values of the random variables
within a specific sample

— The arithmetic mean of a sample is the estimator of the true
mean of the parent population.
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Point estimator for the proportion 7 of a parent
distribution

In analogy to the estimation of the unknown mean via the
arithmetic mean, the estimator for the unknown proportion 7

of a parent population is given by:
T = % k: number of successes out of sample size n

— 7 is the estimator for the true proportion 7 of the parent
population.




Point estimator for the varinace 02 of a parent distribution

The estimator 62 of the unknown variance o2 of a parent
population is given by:

— The sample variance 42 is the (unbiased) estimator of the
true variance o2 of the parent population.
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Classical criterions of optimal estimators

Unbiased estimator:
An estimator # of a true parameter 6 is called unbiased, if the

expected value of the estimator equals the true value of the
estimated parameter 6:

E(A)=0|V0c© (O :parameter space)




Classical criterions of optimal estimators

Asymptotically unbiased estimator:
An estimator 6 of a true parameter 0 is called asymptotically
unbiased, if a sequence of the expected value of the estimator

E(6,) reaches in the limit the true value of the estimated
parameter 6

lim E(d,) =6 V9<c© (O :parameter space)

n—oo

74



Classical criterions of optimal estimators

Efficiency:

Efficiency describes the accuracy of an unbiased estimator. The
accuracy is generally measured via the variance. The estimator
with the minimal variance is called efficient.

— An estimator 6% is called efficient if

E(G*) = 0

>
S

Var(0*) < Var(

for all unbiased estimators 6.




(desired) properties of estimators

Consistency:
An estimator, which approaches the true parameter, if the sample
size is raised is called consistent. A sequence (6,) of estimators is
called consistent if for all € > 0:

lim P(|0,— 0] <¢)=1

n—o0

this means 0, is converging stochastically to € and is located for a

given sample size n within an epsilon-neighbourhood U,(#) of the
true value.
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(desired) properties of estimators

» consistency in mean square
(MSE: Mean squared error):
A sequence (6,) of estimators is called consistent in mean
square if:
lim E([A, —6]?) =0

with
MSE = E([0, — 0]%) = Var(0,) — (E(0,) — 0)?

— with raising sample size n the difference between variance
and the displacement vanishes.
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(desired) properties of estimators

Sufficiency:
An estimator is called sufficient, if all information about the true
parameter is used.

|dea:

Suppose you have a data set S of n independently distributed
random variables. Then we look for some mapping T(S) whose
values contain all information of original data set. Thus, efficiency

Is a concept in oder to reduce high-dimensional data-vectors to a
usable size.
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Exercise

1. T(Xy,...Xp) => " q1aXjwith > ;a; =1 (a; > 0) is an
unbiased estimator for L.

2. % is an unbiased estimator for p of the binomial distributio
B(n, p).
3. 62 =131 (X; — X)? is an unbiased estimator for the

variance, if 1 is unknown.

4. 8%(p) = =37 1(X; — p)? is an unbiased estimator for the

variance, if p is known.
5. 82(X) = 37 (X; — X)? is an asymtotically unbiased

n
estimator for the variance, if 1 is unknown.

6. Within the linear unbiased estimators for 1, the arithmetic
mean X = %Z’,’-’:l X; is an efficient estimator.
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Exercise

7. Suppose X ~ B(n, p): There is no unbiased estimator of the
standard deviation of the binomial distribution.

8. Show MSE := E([0, — 0]?) = Var(,) — (E(0,) — 0)?
9. Suppose Xi,...., X, are independently Bernoulli-distributed,

then T(X) = X1+ ... + X, is a sufficient estimator for p (T is
the total number of successes).

* Suppose Xi, ...., X, are independently normally distributed
and o is known. Then X is a sufficent estimator for /.
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wm—K /|,7 Cl/é _,3) 3) Within a manufacturing process on average 75% of the tools are correct.
01,) (I/{) PV\ (/,‘_ P) - a) Calculate the probability, that within a sample of n = 12 you have exactly 3

correct tools.

— > Z “3 /12 ! 3 y b) Calculate the probability, that within a sample of n =9 you have at least 8
3)(3> ( % - 5 Z ) Colcuinte the d val d standard f le of
—_ = _ A2 c) Calculate the expected value, variance and standard variation of a sample o
12/ (4 (13 Y

. 3 c:) n=25. )
_ 423 byt B W‘ TAA B AT AN 45

el - - - —2 = _—
Ak - N (1 gl } é/Y‘ [,f/"’ Y AN
‘s @J‘i y z/_y/}’zk A é%éé( /

y) Ple78) = Zlp e/t = Lo _ 0, 00%

ﬂz)(@?/g)(ﬂ&s’),’, ”“('( =/7




A producer of cocoa knows from experience, that the weight of the 125g-packs is

normally distributed with p =125 Eand variance of %@

a)

(1=AV5)=C

What is the probability that the weight of a pack is exactly 125 g (argue)? /17 (A2 04 ‘74_/’ A 0
What is the probability, that the weight of a pack is within 120 g and 130 g? - - —
What is the probability, that the weight of a pack is less than 110 g?

What is the probability, that the weight of a pack is more than 140 g?
Calculate the symmetric interval around the expected value, such that with a
probability of 95% the true weight of a pack is within this interval.

Sketch your results graphically with the given distribution and the standard
normal distribution.







The annual yield [%] of stock investment can be approximated with a normally
distributed random variable with p=10 and o0=2.

a) What is the probability that the yield is within 8% und 14% liegt?
b) Assume that the yields oft wo different years are statistically independent.
i. What is the probability that the yields in two following years is at least

8% o
What is the probabnlty that the ylelds in the next 10 years will bQ
tha

c) Which yield can be maximally expected Wlth a probability of 99%? /\

) Pls£4417
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5)

The annual yield [%)] of stock investment can be approximated with a normally
distributed random variable with p=10 and o=2.

a) What is the probability that the yield is within 8% und 14% liegt?
b) Assume that the yields oft wo different years are statistically independent.

i. Whatis the probability that the yields in two following years is at least
8%?

ii. What is the probability that the yields in the next 10 years will be
exactly three times less than 11%?

c) Which yield can be maximally expected with a probability of 99%?

= §(1)=84% = PX73)

gA v
=) [F(x75)) becase the o= ==
= e, p— 0 v’g

(i) T(x£A4) =Pzt o 5)=ET

X A~ N0, 4)

> e (1) il 4

N0 A < i
3 g He yreled i8¢ (7, ot te ev‘*fl ) L //;
3
ol (preen) P4 as
' l I ) \/
}‘ 3. ?N@O,(O‘g , 7
-—’420@14,3)%(0'51),\) \ 66/ [
L = A, ‘/(a 0‘5

vy, %)
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5) The annual yield [%)] of stock investment can be approximated with a normally (/(;/-y\

distributed random variable with p=10 and o=2.

a) What is the probability that the yield is within 8% und 14% liegt?
b) Assume that the yields oft wo different years are statistically independent.
i. Whatis the probability that the yields in two following years is at least //
8%7?

37,

ii. What is the probability that the yields in the next 10 years will be — — \7
exactly three times less than 11%? A )<
c) Which yield can be maximally expected with a probability of 99%?

=) hid X CoLmcod€s
?(%52135) = 054 vt o orew Hedoww

+ - tae o{,ewav('v/ fr o1 chda
L / 4 200

Wﬂy((/\mw 7/@&( l\§ _/\_‘ 4-'7
AZ{I 66 0/@/ 2z




Exercise

T (X, X)) =2
umbiased estimator for .

K is an unbiased estimator for p of the binomial distributio

g‘(n, p). '
.62 =137 1 (X; — X)? is an unbiased estimator for the
variance, if i is unknown.
. 8% (p) = 1327, (X; — p)? is an unbiased estimator for the
variance, if j is known.
. 82(X) = L2 (Xi — X)? is an asymtotically unbiased
estimator for the variance, if p is unknown.

. Within the linear unbiased estimators for 4, the arithmetic
mean X = %27:1 X; is an efficient estimator.

= (A+y )= E(xX)+Ely
@X> = a E(ﬁ)
no Ladex L M?/W”'e




-1

1. T XXy =5"aX; with Y7, a;, =1 (a; > 0) is an ( ( 2
unbiased estimator for L. /f (Z @ g))
2. % is an unbiased estimator for p of the binomial distributio — — F (Z \'/U‘I’/(/{ )() /

B(n, p).

3. 62 =1 g X; — X)? is an unbiased estimator for the ( )
variange,li%Quéknow)n. F (Z C Z(K '/0( (7( /9 @

4. 8%(p) = 131, (Xi — p)? is an unbiased estimator for the =
variance, if ju is known. v =

5. 82(X) =137, (X; — X)? is an asymtotically unbiased /( + Z ( >< /"‘)/
estimator for the variance, if ;1 is unknown. — /. 2 C / )

6. Within the linear unbiased estimators for i, the arithmetic N -

mean X = 137, X; is an efficient estimator. p
Sk Ry = 2| 2ets T ?_(%j ./2@3{- (7 492, )
/lJ,/u/lJ//u,,,M @;@//’L\/

MW‘/‘ //W/Zfﬁﬁ_ﬁ)_ W//
- /&//f}

Yoy .+ _
R

Vet Z
_;7 W\Z%”‘@Q .c)—lO";(Q “Vk A DMZ? ;M)ﬂﬁg

Scule W VR VI — %AL(

Exercise(; ,iz Y ;i,(:;\/\q @ L/@\E(/z?) — E(@f(x *)‘()Z) -4 r’(‘Z(x -—X))




Exercise \
L T(Xy,..Xn) =Y 11 aiXiwith 37y a:=1 (a; > 0) is an - L cu X i};’/] " ‘L‘J. fO" 2
unpi gstimator for 1. /j—* 2 .
2. % is an unbiased estimator for p of the binomial distributio VH é‘]’) _ l/c_,—( i&‘[, ,X °,) — Z Var((/i, XI) ——-Z-al V‘V XI)
B(n p) - W
3. 6% = 1 S, (Xi — X)? is an unbiased estimator for the o({ 6(“”('1';5"“"44

varlance if 1 is unknown. - '_2— &l . Z
4. 8%(p) = 131, (Xi — p)? is an unbiased estimator for the /{é—/\/\f/\
variance, if j is known. -& zcl /l

R e ) (alan B0 6
ﬁ A + )\(A ZO) - 4'
4 ﬁ,,ﬁ
X

6. Within the linear unbiased estimators for f, the arithmeti
n X =157 .X;is an efficient estimator.
2
\/Wlo\)( ) = o Vel )
54 loon= 21437

mlooxxy

7 W?
bwoe ko Le ¥2& T 4
=) cdi pcrow\nd(*”—’"j/:e L s f%;u i







Statistics A

Wilhelmshaven

This lecture will be recorded and

Subsequently uploaded in the
world-wide-web

Function translator (webpage)

Function translator Excel 1 (add in)

Prof. Dr. Bernhard Koster
Jade-Hochschule Wilhelmshaven
http://www.bernhardkoester.de/vorlesungen/inhalt.html



http://www.bernhardkoester.de/vorlesungen/inhalt.html
https://en.excel-translator.de/translator/
https://support.microsoft.com/en-us/office/excel-functions-translator-f262d0c0-991c-485b-89b6-32cc8d326889

Exercise &

F U N

Z

O T(X1,...Xp) ith > 1ai=1(a; >0)is an \D‘\,Uf’ \»}SW y,
mator tor L. WIS Al

unbiased esti

@ @IS an unbiased estimator for p of the binomial distributio & ” CH

. 3 '1/\’6/ )\\Q
/)

b

an unbiased estimator for the )

[«

1 is an unbiased estimator for the

@ §2()_<) = l i1 (Xi — @)2 is an asymtotically unbiased

n
estimator for the variance, if 1 is unknown.

6. Within the Imear unbiased estimators for 1, the arithmetic
mean X = = > i—1 Xi is an efficient estimator.







Exercise

7. Suppose X ~ B(n, p): There is no unbiased estimator of the
standard deviation of the binomial distribution.

8. Show MSE := E([0, — 0]?) = Var(,) — (E(0,) — 0)?

9. Suppose Xi,..... X, are independently Bernoulli-distributed,

then (T (X)) =[X1 + ... % sufficient estimator for p (T is
the total number of successes).

* Suppose Xi, ...., X, are independently normally distributed
and o is known. Then X is a sufficent estimator for /.
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Confidence level
The given probability of the confidence interval is called confidence level

confidence interval: éa <0< @b with the lower level a and the P
P

upper level b ’
W‘LS re e o To-tm ar'ablas (j@/o wm W
) ﬁ & 0
Estimating the interval: P 0 <@ [Q) @ A% °ro

confidence level 1 — o W|th probablllty 1 — o the true parameter 6 will be

covered by the interval with the limits [9,. 85]. With probability « the true
/ L —

value is not covered.

Note the limits hatﬁa,éb are also random variables! ¢
- Q¢

|
Yool T 2k ”‘V&oﬁﬁ e
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One- and two-sided confidence intervals

One-sided confidence interval Two-sided confidence interval
Either the lower limit is —oo or We calculate the upper and lower
the upper limit is +00. The limit (fp und #,) of the interval,
Parameter # has with probability which should cover the unknown
1 — o at most the value 6, or at true parameter.

least éa.
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One- and two-sided confidence intervals

One-sided confidence interval Two-sided confidence interval
Either the lower limit is —oo or We calculate the upper and lower
the upper limit is +00. The limit (0, und f,) of the interval,
Parameter # has with probability which should cover the unknown
1 — « at most the value éb or at true parameter.
least éa.

(,w)/\ A- ok




Calculating confidence intervals
In order to calculate the confidence interval we need a knowledge about the
distribution and the variance of the variables. |f we do not know the variance
of the population, we have to estimate this value via the random sample:

1 n
AD Y.
6= — I.El(x, X)

» For large samples (n > 30) we can use the central limit theorem and after
the standardization we can apply the Standard-Normal distribution.

» For small samples (n < 30) we use the Student-t-Vedistribution if we
know, that the population is normally distributed. Doing this, we also
standardize the variable.

» Additionally the sample size n has to be small compared to the size of
the population N: < 5% or N = oc.




Confidence intervals for large samples n > 30

& &

X — )< X — | = — (¥

@ — ,D(x {ZVnS@XJFZ\/E) 1—a
\/\/v

» & estimated standard deviation (if the varignce is known,, we can use o
for &)

» n der Stichprobenumfang

thhe population is normally distributed @N : and the variance is]

nown, we have without the restriction (n > 30)
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Confidence intervals for samll samples n < 30 =30

a a

if the population is normally distributed (X ~ N(j, 0?)) and the variance is
not known.

t,_1: value of the‘Student@distribution with n — 1 number of degrees of
freedom

» depends of the degrees of freedom

» converges for large n to the normal distribution

» can be approximated by the normal distribution, if n > 30




Student-t-distribution

If the variance of a normally distributed population is no known, we replace
within the standardization the variance o with the sample variance . The

new variable Student-t distributed

f(z) f(t)

2

The t-dsitribution is similar to the normal distribution but broader. For
increasing n the t-distribution reaches the normal distribution.




Student-t-distribution

The standarized estimator of the sample mean of a normally Q\m
distributed data is not normally digtri

Density function: f,(X = x)

Erwartungswert  E(X) =0 * /(‘Q
Varianz Var(X) = 2

Examples:

» (Calculating confidence intervals of expected values of normally
distributed data not knowing the variance.

» Comparision of different random samples.

» Testing the coefficients within the linear regression assuming
that the error term is normally distributed.
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Example

Expected value, unkown variance, normally distributed population n > 30

The mileage of wheels with a population (N=100.000) should be estimated
via a random sample with n = 625. Within the sample, we obtain an average
mileage of 36.000km and =4.800km.

1. Which interval covers the true mileage of the population with probability
05%°7

2. What changes, if the sample size increases to 2.500 (confidence level
95%)?

3. What changes, if the confidence level increases to 99% (n = 625)7




Example

Expected value, unkown variance, normally distributed population and n < 30

What are the average working hours of BA-students of the Jade Hochschule
(N=6000) per week in order to finance their studies? In order to answer this
question a random sample out of all students is drawn: Within this sample

we have:
X = 18.36h und 6 = 3. 42.

Calulate the confidence interval to a confidence level of 90%— if the size of
the random sample in WHV is n = 16. Assume, that the population normally
distributed
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Confidence interval for a proportion X

G ¢+ Do)

» Dichotomous attribute with a probability of success of 7 (i.e. X =0.1
with P(X = 1) = 7).

» 7 proportion of successes in the random sample

» For ni(1 —7) > 9 Z is approximately normally distributed:

E \/ﬁ(l_— ﬁ)‘/E ~ V.1
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Example 6%\'{0‘/\ ) ﬁéﬁ/ﬁ

>

In advance of the uk poll, we want to estimated the
proportion of the liberal party in UK. The random
sample (asked peoplTﬁﬁste of n = 1200 and 96

person answered to vote for the liberal party. C%culate

the confidence interval to the confidence level

confidence level%50)
) e, t \[ZeE
/) 8/0 - A?L&o

1,6 7o

Proportion / P(:’:—- /2
A/ \@

\
_(\ﬁ(o N,56

=7 K

@

A6 — gY

o _ 2% & /o
L = 1,36
._.AZOO




y>-distributed with n — 1 degrees of freedom (@ random variable

corresponding to the variancg 4 Jof the random sample). For values Y% and
— - P

;\f%_g for which the y2-distribution with n — 1 degrees of freedom reaches the

2
values 5 and 1 — 5. we have:

X —%;n—l) =1—-a«




v2-Distribution

0,4

03

0,1

0 25 5 7,5 10 12,5 15 17,5 20 225 25

Y

In opposite to the normal and t-distribtion the y?-distributionis not
symmetric. This means both limits of a two-sided confidence interval has t
be calculated separately.

/’_\/

O



v2-distribution

Suppose Xi, ..., X,, are independently identical standard normally
distributed, then the distribution of the random variable
X=>" 1X2 is called \2- dlstnbutlo

Density function: ((f,(X = x) =

|
)

. X > 0.0 sonst 2 At L &5
2 i 5 FPLT e “{Z@ ﬁfw‘pzﬁ 5122

Expected value  E(X)=n
Variance Var(X) = 2n

Examples:

» Variance of a random sample of size n given the parent

distribution is normally distributed

[ \ -goodness of fit test

> \ -test of independence @hgency tat))




Example 2
’ 4

Variance given a normally distributed parent population

7Y /7<
A stock of the Oldtech company has within the Iast years an average /

profit of x = 15 US-Dollar. The uncertainty of the profit, estimated with \

) o
the standard deviation is & = 30 US-Dollar. We assume that the profits i // A,

| 0,/
are normally distributed. m confidence level of 95%) calculate the \ k 215/0)(
A}

confidence interval for thelWof the parent distribution.

’)é,lm 182 Z@/A%E 1%

:6’\2’5\ :5415‘5
52ﬂ§2:600 1/1-':’27
- ==
_ 18-39° =
Lu= —g334 L4

e 515
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\

F‘Z /) ";( — (060 000 /é: 9 6000 h = 7_25/_\

(a) Calculate the standard deviation of the average profit? _ = 9
(b) Calculate a confidence interval of p for probability of error of o = 5% * A UJ(/ZU;A ;) ﬁ
-~
e} Estrapotate for a probability of error a = 1% a confidence intervall for the whole sector. ;ﬂz' /_6/2(‘7
A 2 q0.000 6000 Gep , 7 VS
VG T @ z =G L
7 Z = Y, A2 AL
A — & Z =z ab/?;ug‘;/ig
5% & i) x X 2 5% — A S
b)’ X j- .2 ] Y ~ ~ A . N& ~ U
= ¥ 2
=7606.000 - 136 6600 = Lot Z\}o/go N ] =0ty
L00.0°0 + 496 6000 =L u / 47
X
T ¢ 9
J 568 LU0




2. A machine is cutting steel rods_of a specific length. Out of the total production 0 .6, - d ‘ﬁ(w,éu/
\—\/\.

we take a random sample of leasuring their length, we obtain:

184.2 mm. 182.6 mm, 1853 mur, 4 5 mm, 186.2 mm, 183.9 mm, 1850 mm. 187.1 mm. 1844 y

L ——
1711711,

Due to experience, we know that the parent distribution ig normally distributed.

N

(a) Calculate unbiased estimators for mean and variance of the parent distribution.

(b) Calculate for p : Y cofidente interval for the confidence leveles 0, 9 and 0

. .
Nea~ : % ,lZlX - 4848 7 £ @Vy):/{lf’fZS

<4 -1 5_,

qoo/o @ +8.

——Aé?hg* /(&bﬁ(ﬂ
Wf’

_ b5
] 1B o1t =) [48
147, 184 8 1 \//g'f 3
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. Within a random sample of| persons in WHV 75% answered, they would like to shop on , L ﬁ (
sundays. — 7 M m aj Vt{lblﬂ w e
(a) Calculate a confidence interval for the proportion of inhabitants of WHV, who would prefer S'(-"’m

a general shop opening on sundays for a probability of error of & = 0,05 and a =0,1). éoj
ot A6

(b) Calculs Ltu’ the confidence level, if the confidence interval would be represented by 75%+10%

ﬁ =015 Z\ WCMWM o 15170 /

CA N AT oo 4,# ARALCE ofl) = —)
C:-71 = Al

O=50 0%3
A+ \forst-9%) =) (0,67
- l T b \L;] 14 o0

w0 02 63) =) (pridemtt \ﬁn@

_ /
- et L4 ~—/_/

& | =/
0F5(1-079) 5 - 04/ \\‘ )\’~4 O &30

—

- by 2’0(' Bw '




& \(5',7’5(4‘4:@1_ L :Ol/’ ;7 2_—: _,q—li—_ _’Z‘?:}

A \/”11/15 2”[{'@75 /—-7 comtspo—T %
g’/ *0 a 6 ?Z / o
4_.@"3'42(/,,, - 0/2 ’ L ycle s /k \
o 2ot st b0 mthiply by 200
%8‘1 (be M gver Gccowse we
a two —gideth conficlece bl 7
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Hypothesis tests

Assume, you have a random sample and you want to test some hypothesis
about for example some parameter of the distribution

Given a specific probability of error, we consider this probability as the
probabilmaking a wrong decision. Thus, given a Hypothesis, the

probability of error is the probability that the Hypothesis is not confiremed.




Example:
In your company, you want to know if your marketing activity has
increased the awareness of a product. You know, that before the activity, o/
o

the awareness was roughly 40% (i.e. 40% of the population have known _
the product). Now you make a survey Wit@eople asking for the ,ZO e (o v

O
knowledge after the marketing acitivity. Within this sample 420 People H W4 - ol

answered, that they know the product. 4 /L b&/ o it Y

M (%4
Question: 77 (7“ \AM‘,/‘V%
Has the awareness of the product increased within the total population?? e WW
= Beause of random fluctuations an answer via a m‘ati@is not m\(
possiblel  — '—

Statistical hypothesistesting is asking:

s it possible to reject the null hypothesis Hy that the degree of awareness
has not changed, because of the result of the survey with the random
sample of n = 10007 Similar to the confidence intervalls one has to
specify a degree ‘@r probability «, for examc@

\




Hypothesis testing
1. Step:
Create a questioning with two hypotheses contradicting each other:

Ho: Null hypothesis (incorporates always the equal sign) Hy: Alternative
hypothesis (no equal sign)

\J

Possibilities:

Ho : 60 > c Hi: 60 < c left-sided
Ho : 0 <c Hy: 60 > c right-sided
N~ —

Ho : Hy 6 # ¢ two-sided




Error of 1. and 2. kind

»\ Error of 1. kind (or a-error): Yejecting the null hypothesis, although

_—~——
—

It Is true.

» Error of 2. kind (oder 3-error): not rejecting the null hypothesis, r
although it is not true. @

| the error of 1. kind is used. Thus the error probability « should /

P(Ho rejecting| Mle) — \l 44 ﬂ/l)

Problem:

If one choses a small « the probability not rejecting the null hypothesis is

increasing, although it is not true. Generally, we choose an a-error of 1%

5% or 10%. T

——
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f(z)

Relevant Values of the standard normal distribution

z

F(z)

-2.58

0.5%

-2.33

1%

-1.96

25 %

-1.64

5 %

131



Test-statistic

In order to calculated the error probability, we a random sample out of a
probability distribution

— For every test, we need a test-statistic, where know the corresponding
distribution or we make an assumption about the distribution.

Calculting the critical value given the niveau a:

the critical value mw\/\/\ W ans v p

» left sided test: @t Hg if the calculated test statistic is lower than
» right sided test: reject Hp if the calculated test statistic is larger

W o

oL

than the critical value CV.

» two sided test: reject Hy if the calculated test statistic is larger than
the critical value +CV oder lower than the critical value —CV.




Example: Test for the mean

Rejecting the null hypothesis
for one- and two sided tests

Hy = @&

133




Hypothesis testing for the mean
Test for pu:

Ho: p 2, <,=( 1o

W#O
nd unkown stfndard deviation

Test statistic: (4 = n/and Z is standard normally distribute

nd unkown standard deviation

Test—statistlc@ nd T is t-distributed with n — 1 degrees
of freedom

Given a random sample we want to check some hypothesis.

Given a specific error probability the hypothesis will be rejected or not.




Example 1

Some machine produces boards with a minnimum width of@ Boards
with less than the minimum width cannot be used. The machine has an

accurancy o(: standard deviation). Within a random sample of

@e have_an average width of\Q 85m#L Is this shortfall signifikant
———————— )
to a level of m or only arandom fluctuation? b
— )
AN\ N
: ~
(

. /tow % -
#/1 '/M'C m />-< ’/'{ow;@\ 0\16 eol/bbu'
1) Tost -shutisbie =) 27— i &
A L‘. oL Ovm/ e ol \’VL\’ ¢N
C\V 5 ol o o A W\
_ 16%h Povst W\aw/‘?b\hh 9 Ko R A}’f‘l




Example 2

Within the distribution of some product, the sellers obtain a fixed income 2 = g O
and a provision depending on their revenue. On average a provision -@ 400 - S49-D

Euro is payed. In the current month the framework changed due to higher
selling-prices (may be a reason_for higher revenue) and the
(may be a reason f@@) W|th|n a random sample of n = 100

—_—
we obtained an average provision ouro Assuming the standard

deviation of the provision is 80 and choosmg a = 10%, do we have a
Significant lowering of the provision?

/l,) H'p:/‘7//0/0

5
M e o /‘\CflL

) _ 5/90' AP° 54/\\
) & 487

LD

136




Example 3

+ AP A (X
Some new pharmaceutical product should lower the blood pressure up to /{ 2
20 points. This we know from the advertisement is this true? | | &

: ntﬁehs\'_’tr' ution ist@grmally distributed. Choose
4 L
X Ol x = 21,b; 6 = 1,5) Discuss the dépendance ona! ~ ——

Smet fuwpls oize =) T digioubdo

L

C
$ 7.8%09
%ﬁZjZ 3 4\J/1ﬁﬁ
v = /va . C
Lo Ll o ub
_ i
N |



Test comparing two means

Assume we have two random samples with g1, po (und ny, no > 30 an
unknown variances:

Ho: p1 = po
Hi: py # o

Test-statistic: Z

% %) — (i) | 7 52
X1—X92 \/ 1 2
~——
is Mly normally distributed. >




Example

Some insurance company has a telephone hotline. The phone calls are
evaluated via some new software. Without having the software the phone
calls during one month had a connecting on average of 22 minutes within
1500 calls. With the softwarethe connecting time was 18 minutes out of
1200 calls. The unbiased estimation of the standard deviations are given

by:

01 =15 07 =12

Has the connecting time significantly changed for oo = 5%7




(a) Calculate a confidence interval for the variance of the playing time given a
of

7 ¢
@ Calculate the confidence mterval of the standard deviation for a probability of ex 2 Z . >< —_ 7(
- L} -—
0¥ C )( I )( ‘

i

2
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Test comparing two means

Assume we have two random samples with fi1, f1o und %4 /\
unknown variances: =

Ho: [ = 1) ~

— &
Hy: BT # pe )
Test-statistic: 0’{'_‘_ L.:Z¢ & A 7
—
Z:(Xl_XQ)_ L= u_z—\bz

is approximately normally distributed.




Example

Some insurance company has a telephone hotline. The phone calls are \/_
evaluated via some new software. Without having the software the phone

calls during one month had a connecting on average of 22 minutes within -//1 9 A 4L
1500 calls. With the softwarethe connecting time was \limlnutes out of ’/y/_(
1200 calls. The unbiased es.tlmatmn of the standard deviations are given 2 ?Z
by -’Z >( =18 2_, = L2

m 4 = A5 M;— 1200 X1t U, v,

=15 &y =12 _W"’D

Has the connecting tlmeﬁgnmcantiy changeﬁ)f

<\’M0 siked _
TR A
WA r

) (V =) ux H,Xpl' Ke pull %P%esfbg




—~—

Hli T <1>‘,# To

Teststatistic:

_ TT(])

T — T . mo( 1
/ =|— mit = (
O

n

is approximately normally distributed i E{](l — 70

(=9




W|th|n a random sample 01{3;_4\[9{204 personsj

claime “have voted for !party A. | : 0)5 Zé )
H X - 70 Tﬁ?éﬁlﬂi’ /é — (/l U¢7> \j/‘/; 2.2 0025
9, 205 & 2z (it 7’
#4 ! 7/7\ f . ;54 _0‘5 O q
L :m— =) ¢ = 0025 (
= 2,55 quice L Z Cly =) t 1B 1™ X rcfc\[w(




\*-test of independence o Yar He legk [er vertex also

2

@(( A L %Ldmscf%wwug

The y?-test of independence checks whether two nominal scaled variables il
are likely to be related or not. "% Mix

» Hy: Two variables are independent.
» H;: Two variables are not independent.

The y?-test of independence is based on the contingency table.
With the followin istic_we descide if we reject the

hypothesis or not/ fev al’ﬁiuh el % oL

—

2 .
Xemp Z T\
i=1 j=1

approximatel;[XQ—diW with f =({k —1)(/ — 1)Eegrees of freedom:

148




Example fwo - SHhed — ]y %Y are bodappeit

An insurance company wants to increase the number of sold household b(,,: X,
insurances and is planning a marketing activity. In order to address the
right people, it is assumed, that customers who have already a life (2 7

insurance policy are risk averse and therefore are interested to buy also a
household insurance. This is evaluated via the own data of the insurance
company. Test the two variables (X: having a household ins rance a
not/Y: having a life insurance or not) for independence ,{ =

7735

a L —
no household [household
1 .| |no Life 436 511 Ju?t
Q\/ Life 121 481| 601
F53 122  A54
p-emp noh _ _|h p-theo no h __|h _
no (28%4 (33% 61% no {2 399 61%
| (8% G1%) 39% | 4%, %5%; 39%
36% 64% 100% 36% 64% 100%

=) %@;P v 403 H%-ozgwﬁcz—»zw;

1
75[103/0 \/\ 149
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Graphical representation of the attributes of two variables within a

Scatterplot

two-dimensional coordinate-system.

er 1 3 4 5 6 7 8 9 10 11} 12| 13] 14 15 16/ 17| 18 19 20 21| 22
rder 3 6 2 1 5 3 4 2 2 7 4 3 2 1 5 4 3 3 1 6
olumg [€ 6] 4 300 67] 21 8 62| 35 331 37| 22| 72| 65 45 23] 17| 44] 56| 32| 37| 22| 48




X-coordinate: order
Y-coordinate: Volume [Euro]

Volume [€]




Linear Regression

Example 2:

A company wants to know how the sales volume depends on visits of

\ °
representatives. /

The company has collected the following data

Visits Sales volume [€]
year X y /\

2008 (9) (24) /
2009 Q1) 133]

2010 (5) (0)

2011 T3 29

2012 20 42

2013 12 24

We also want to answer the question, from a descriptive point of view, which sales volume
; ) .. (D)
we can expect, if we increase the visits up 0 ),

N




Ex1



				Number		1		2		3		4		5		6		7		8		9		10		11		12		13		14		15		16		17		18		19		20		21		22

				Order		2		4		3		6		2		1		5		3		4		2		2		7		4		3		2		1		5		4		3		3		1		6

				Volume [€]		36		44		30		67		21		8		62		35		33		37		22		72		65		45		23		17		44		56		32		37		22		48





Ex2

				Visits		Sales volume [€]

		year		x		y		xy		x^2		yhat		(yhat-ybar)^2		(y-ybar)^2								epsilon

		2008		9		24		216		81		21.72		27.83		9								2.28

		2009		11		33		363		121		25.68		1.74		36								7.32

		2010		5		10		50		25		13.81		173.95		289								-3.81

		2011		13		29		377		169		29.64		6.96		4								-0.64

		2012		20		42		840		400		43.49		271.80		225								-1.49

		2013		12		24		288		144		27.66		0.43		9								-3.66

		sum		70		162		2134		940				482.7243243243		572

		N		Mean		Mean

		6		11.67		27

		b		1.98		1.98

		a		3.92		3.92

		expected sales 10 visits		23.7027027027

		R		0.92

				0.92		0.92

		R^2		0.84		0.84



Sales volume [€]	9	11	5	13	20	12	24	33	10	29	42	24	


Linear Regression

Via a linear regression we want to analyse th dependence between
two variables

We distinguish between a dependent Varlable (y) and an \U’ \‘9)
independent Vanable@/ , k o 09(
* (x)1s also called the explanatory variable \v \}9?

\/__—

A change of (x) implicates a change (y)

The linear regression deﬁnes an empirical relation via a lyélr
function

i.e.@Z f(x)=3+ @ or generally — + b




4> \ A=A Simple Examples #
A | o

VE %

0’ 23 \ 2
/}\ 22 \ 13

=

o O

AN
~

N

AN

(R
U o
NQ
&

1 z\ﬂ\ﬁb

r=25

0 1 @ 3 4 5 6 7 8 9 10 11 12><

Determine graphically a regression line for the blue and red data points. What kind of
dependence do we have?




Example

\k
L
*

~
=

o8
i

A
=
L 4

NN
o v
¢
¢

Sales volume [€]

[
Ln

=
o
\ 4

i

=

0 5 10 15 20 5

\ Visits

Try to fit graphically (by eye) a regression line through the data points




Optimizing problem

How to calculate a regression +
—— -

The coefficients a and b has be calculated from the collected data.
collected data. .
: : \a Q\,‘//‘
Value on the regression line \O P o
collected data point O"V \ @5‘)’/ X\J]L

Difference between the data point and the theoretical ()}( W & P ¢
value on the regression line /— / 2 b\'u

Determine@ such, that the sum of all Mratic differences al-z
minimized : % @ L — —_\
o zy —7 e
Lo/

1S




Least squared method

The formal optimizing problem




ZN L(B= bx:

n ’7{@//X&

S \—

Fl) =56 L) oy squared method 7 -

The formal optimizing problem ( y,@ @) Z 2 5 min
[Z U(‘/(/ —(a +b><b>) @ (@'—[@ @) = (-
TDC

v=4

/72[\// [6/+!7)4;)>)(/ o (2)
- Zx,abux

:y/gc —f*/é}? W‘k f i
= o+ Wf“ﬁ//‘«v’ %,}%x




Least squared method OF { i }

1'he tormal optimizing problem

Oitmepncht)=0 e ) %




Least squared method

The formal optimizing problem

@ Zf(y; — (a+ bx))P = Z m’>

I —

FOC:

2 dimensional linear system which can directly be solved




Least squared method




Formulas

N
L S i Yt Xi S
- 2
N N
NS K2 = (S %)

T

N wy -

b =




Calulating the regression line from empirical data

50

b 7
y=1,9784x+ 3,9i39/a
— =
N
i \ |
P2y \
f/ Y, = a + bx;
D
5 10 15 20

Visits

25




Lineare Regression - ¢3l5

‘)Z«'
Visits Sales volume [€]

year X y Xy x\2
2008 Q) 24 55 K
2009 @) 33 kv = s
2010 5 10 f%/‘é \ IA
2011 13 29 L /t}(oL
2012 20 42 4
2013 12 24

T 5 A

;W/i;fﬂ{ 3 . 791%2’

I Y Y




Extrapolation for x=30

Visits Sales volume [€]
year X y Xy X2 vhat
2008 9 24
2009 11 33
2010 5 10
2011 13 29
2012 20 42
2013 12 24

yhat(30)=




Regressions coefficients

* Regressions coefficient b
* Slope of the regression line.
* Determines the marginal effect of a change of one unit of the

independent variable x onto the dependet variable y

* Regressions coefficient a

* The value of the dependent variable if the independent variable
x=()
— 1ntercept of the vertical axes




Linear regression

Measures the linear dependence between two variables

This dependence can be interpreted, that one variable 1s
quantitatively influencing another variable

The linear regression 1s an instrument for forecasting




wst fgueres)  Statistics A Le. Loe
Lﬂ ° j7 7/5(-0(/3“ lp C.—.F, GL‘Wss \ wo =

Subse tly uploaded in the
world-wide-web

77

Function translator (webpage)

Function translator Excel 1 (add in)

lr oK

Prof. Dr. Bernhard Koster
Jade-Hochschule Wilhelmshaven
http://www.bernhardkoester.de/vorlesungen/inhalt.html



http://www.bernhardkoester.de/vorlesungen/inhalt.html
https://en.excel-translator.de/translator/
https://support.microsoft.com/en-us/office/excel-functions-translator-f262d0c0-991c-485b-89b6-32cc8d326889

_—
\/;; O""?gf_'
———

=

Correlation analysis
» In principle for all data sets, we can calculate a regression
principle I

: V
llne. cteln 9 4
. . . o fete!
* But we are also interested in the question meaningful 1s
. e to erery
this calculated dependence?. Aok —
i 1
o
, . L. . [+
* For this, we use the correlation analysis, wich gives the ‘=
possibility to measure the strength of the dependence P DZ

e For this, we use the correlation coefficient of Bravais-
Wn which 1s Tying between[-1-an




Covariance

. ariance 1s a measure of the joint variability of two random variables C = "D
. ¢ * =
@c efined by: Ve = E(/

XY) = E[(X - ECO)(V — E(Y

cov(X,¥) = E[(X —EQ))(Y - E(Y))] I — Ver (A
ith t . cov (X%) =

wi g ,‘7 -.!—3_:1.--55;;.‘;: — /__/ O
(//// 1 X A g cod CXC(} -
(o0 >mpp (- 00=9) ) &= RNVA
(& @ [\ Yi— V) %‘ ¢
~ = — f
 If the greater values of X correspond with the greater values of Y the covariance ¥

1s positive. In the opposite case, when the greater values of X correspond to the
lesser values Y, the covariance is negative. The sign of the covariance shows the
tendency in the linear relationship between the variables.

* The magnitude of the covariance can hardly be interpreted, since it is not
normalized.

 Therefore, we use the normalized version, called correlation coefficient,
showing the strength of the linear relation.

CQ/Z)((_

e

-




Correlation coefticient

Ajﬂ/“i""/’
General intervals for R &¢—~ —

/-(; (0,0;0,2) — almost no dependence
> 10,2;0,4) — low dependence
% [0,4,0,6) — [ medium dependence
¥ 10,6;0,8) — high dependence
> [0,8;1,0) — @ll dependence >




20

. . Uus S
5 C@on coefﬁc%ples . Wﬁ,x;:u} ) i
O v ‘. \.’ Ol N 20T LTl
. V 4




Coefficiant of determinatior@

The squared correlation coefficiant R? is called coefficiant of
determination.

In quantitative analysis, we often use the coefficiant of determination R?,
because it can be intuitively interpreted

But R* does not distinguish between + and — anymore.

‘ —(, |
R2is in the interval [0,1] % t—C€ Q?,éE 13

* RZequals the proportlon of variance explained by the model in
relation to the total variance, 1.e. how much percent 1s explained by
the regression line

* (1-R?) equals the proportion of Variance not explained by the model

“in relation to the total variance, and has to be explained by other
influencing factors




Diff

difference y;
° Total squared difference of y;
0 1 2 3 4 5 6

-2
Coefficiant of determinationfR%/'= l_ O L/

y; —y  explained difference

y; —¥; not explained difference

y; —y total difference

total squared difference explained squared difference

not explained squared difference

i=1(3’1 Vi)?




. . 2C 2
Correlation Coefﬁmant(&ﬁrw 2,324 4,39 X

2,92 4-/1,\49 X Mi= v 22

N X y 1\ 3 | 09| ¥

1 9 24 Z%(7}

2 11 33

3 5 10

4 13 29

5 20 42

6 12 24

Gesamt




Correlation Coetficiant R

\ﬁ

Visits Sales volume [€] explained total
year X y Xy X2 vhat (yhat-ybar)”2|(y-ybar)”2
2008 9 24 216 81 21,72 27,83 9,00
2009 11 33 363 121 25,68 1,74 36,00
2010 5 10 50 25 13,81 173,95 289,00
2011 13 29 377 169 29,64 6,96 4,00
2012 20 42 840 400 43,49 271,80 225,00
2013 12 24 288 144 27,66 0,43 9,00
sum 70 162 2134 940 482,72 572,00

35
30
25
20
15
10

10

15

S j24—/{ 19)((,

—

v

2%




Interpretation of R?

* R? measures the strengh of the dependence between two variables

XandV.
. yean be interpreted as the proportio x- the linear
regression.
 _R? = (Wthe linear regression model is given just by the constant a
und( b=()

— The change of the Jndependent Variabl@nas no influence on
the dependent variabl

.@, then the regression line fully explains the dependence

etween X and Y and we have y, = a + bx. = y;
o —




* Make a forecast for inflation for Germany

* First take th@e last 5 years Qs
. (monthly data CW’(”k P4 A by 7%

(

N7
4,
-7L

* C(Calculate the dependence between th@D

AN
component of the HCPTand the oilprice Ol - prie

* And calculate the total intlation coming from
the guessed increase of o1l prices in the
future due to a possible embargo of Russian
o1l
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Case study I: Inflation

Forecast of the inflation ind Germany for 2023 based on
the historical development of oil prices

Data (monthly data):
* Oil price of the last 5 years
* Exchange rate Euro/USD
* HCPI (Harmonized Consumer Price Index) Germany
* HCPI Energy Component Germany

* Calculate the historical dependence between the energy
component of the HCPI and the o1l price via a linear regression

* Make an assumption about the future exchange rate and Oil price
of 2023

* Assume the non-energy component of HCPI stays constant on the
last known level.

* Calculate total inflation for 2023 based on the former assumptions
and dependences




Case study I: Inflation

https://fred.stlouisfed.org/

Link for Oil price of sort Brent

https://www.bundesbank.de/dynamic/action/de/statistiken/zeitreihen-
datenbanken/zeitreihen-

datenbank/759778/759778NistiId=www_sdks b01012 2

Link exchange rate USD-Euro

https://ec.europa.cu/eurostat/de/

Link HCPI



https://fred.stlouisfed.org/
https://www.bundesbank.de/dynamic/action/de/statistiken/zeitreihen-datenbanken/zeitreihen-datenbank/759778/759778?listId=www_sdks_b01012_2
https://ec.europa.eu/eurostat/de/

Case study I: Inflation

Result:

Dependence between Oil-price and Energy component HCPI
HCPI-Energy=76,415+0,4987*Oilprice[ Euros]

-> with the assumptions, that Exchangerates USD:Euro will be at 1:1 in
Summer and Oilprice will be at 130 USD per Barrel in Summer until

December 2023, we obtain, that Oil prices will nove up Inflation by
roughly 0,5 Percentagepoints.
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1. Properties of the linear regression. . /\ . .
: s Cons A B T

(a) 51101@ / : 4
g g A

(b) Show b= 2 and a =

T x
(c) Show >0 & =0 <& )

P ] noo_ . \ L —
[Ci,-l Show Z.f 1 EiTi LU é- . _— . L/ ; V/ —_— Y
(e) Show 32,7 (v —9)° = SN Gy — )+ Zf (5 — g)? ¢




1. P

Properties of the hnear regression
(a) Show § = a + bx

(b) Show b =

TU—IU _ ru Ty
b ] and a =

=

(c) Show Z:r 6 =0
15—

(d) Show 37 ex; =0
7 =3¥

(e) SImE‘T‘?\" (i — NV (g — l,}_-]f N T“*" (s
R E

—

22/‘ 7, -

v 29, -y, ) = 76" v;40)
CN—~—

_7 gyzy, -sz\/,

—

» L A
‘ —

— @(g}«/ - 7;)

e) T -7)° =

. > (YL _/\71)

4

TG -y

_2g7Y,

Zoff L 2N BT

2
2/ _2Zv T ¢ Ey,

Z\/I —27 ZY/ Zz

(l

(I

‘/\o
o~ c
4 MCQ
lhay—




2. A housing agent sells last April 26 flats with the following data regarding size G in [m?] and
rental M in [€]. We know Cov(G, M) = 5760 oy = 223,61 o5 = 7’1 9 ;Ju 1100 ;{{ = H

<

N

—

(a) Calculate and draw the regression line. — )

< \(x

o o ) G
(b) Calculate the average and marginal price per m-.

(c) Estimate the rental of flat of size 100 m?.

Cov(x,y) __ Stéo /{204 oo =V — b /{400—/120/( §0 =% A34,22
Dc) b V) = 24,97 2 & ==y — bX

) A(reon?) — 435,22 + A2,04 -400
1 A2U020 < o @ = k=0

. A@? - A C A
o SR s W° ok 5& A
3. Within a random sample of 100 data points (X, Y') we hawv Decide which statement MW M neer A z

15 right or wrong?
=] O V— 5
& VT8 e R

\/L' = C.~+ EX,

(1) There is no dependence between X and Y since R is negative.

(2) The data points scattering very near around the regression line. L ‘? 5 \,,éa
JROEEEY . . cor - ()
(3) The linear regression has positive slope. & re a’ w < L:W s L~ L

' ves

(4) The dependence of X and Y is inversely 1}1(}}3..1‘[1{)111 M e Savm€@ 7

(,e A we 377
(5) Which proportion of the total variance is explained <" Lﬂ ‘(L
by the linear regression with a R=-0,93? lb a

—> coe ficik of ”’”‘;K”Z‘f? ki P awg% “r
O Zl Gi-9)? £ ¢7¥ \C'"Olﬂ?)) = §6°> ¢

¢ ¢ —

Vi—=9)? = *o\af 9ot

l 1




4. In 2021 a brewery has the following output and costs:

Y

Month | Output [Hektoliter| | Costs [€]
Jan 600 6500 C | S5
Feb 650 5200 5 M — ) C X) ) p"' “c 316
Mrz 720 7300 j 4 {
Apr 1010 5000 — __ e' 62 74 (S $ 1 63 ‘
Mai 900 9900 ! y Xy
Jun 99(! 10000 el [ — —_—
Tul 270 10300 . x2 — x2 A0 X% @34 G)
Aug 1 I 10 12500
Sep 1380 11500
Okt 1010 9200
Nov =30 <200 a) 6 g 6 g
Dez 1070 9300

(a) Calculate the Cost function via a linear regression.

(b) Interprete economically the parameters.

— bx ’%314 O 8€5 Sf(/f,
53500(308

(c) Calculate the correlation between Output and costs’

(d) Estimate the total costs and average variable costs of an output of 1100 Hekto ht/

el et cnfeeshch Labo e Coct [chiea ot owr

l

ae
i

S VAN (B | 0,208 355X
mean 991,666667| 9316,66667| 1049650 9627583,33 =) costfcttn (%) Eﬁé/“
P —— — =
> <2 Ay — &ive
U—a-—t‘n$(~e c.a&\LS ka.r cu~F C(f)za(‘\‘ﬁx C,b5t$
L/ Cct — F»?’ ¥ (OS"' L> . =
. é«e&méc (e
periable cosher i= Lo (oo A penoeacs
S — A coe (-5 \

. eV g

6)72: CICX)—;L \

R2 = Zil@@
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Example: Minimum-Variance-Portfolio

A Portfolio constists of two assets a and_b with investment weight « € [0, 1].

—

Prices of the assets are random variables with means ¢, 15 and variances

crg, Jf). Calculate ortfolio with the minimal variaﬁﬁeﬁassets are
correlated with/p € (—1,1). /0 e




Optimizing problems with many variables

C

Suppose we have X = (x1. X2, ..., x,) € R". For continously twice differentiable
functions, we have: ~

f(X) — min = 55(X*) =0 and Hess f(X*) ist|Po=




Very often in economics, we are confronted not with global optimization but , .
with optimizing problems subject to some restrictions. W WA Cro EL v canC O
= lw —PiFA— =P

f(X) — max (min) s.t. g1(X) =0.2(X)=0,....g,(X) =0 (n>m)

l./a- L-"‘\..,ccbs

with FOC i(’;?ﬂ L—
—> L=
10¢

For SOC including the(rendered}hessian matrix_and regularity conditions for
the existence of optima (i.e. implicit functions theorem is valid!) are beyond
this lecture and we refer to the literature.

/\/\/\/_/_




Markowitz Portfolio Modell

Assumptions:
1. An Investor has dlfferent risky investment opportunities with finite

2. Investors mw&ﬁnipenod utility with dgfreasing marginal ut|I|ty in

wealth and & risk avers structure:

3. Risk ist measured via the volatility of the expected yield.

e —

4. Decision varibales are only expected yield and variances.

|gher yield to I Gwen the
\_/

igher ris




Notation

e
N

» R1, R>: Yield asset 1 and 2
>0 = E(Rl)ﬁ_@: E(R») : expected yield asset 1 and 2

> (D= o(R1)(0) = o(R»): standard deviation asset 1 and 2

» p=p(Ry, Ry) :{Cov(Rl, Rg)/@i correlation coefficiant of the yields
of asset 1 and 2

P@ yield of a Portfolio constisting of asset 1 and 2
b@: 1t(R): expected yield of a portfolio

b@ = o(R): standard deviation of a portfolios
—_— <P

vg_:*ﬂjakjc‘r‘eb




> Vll.o.g. [ < po and o1 < Ugm]. proportion invested in asset 1

Ves (ot Byt tt-007R,) :E([Mzﬁ@w@%’gﬁ)
—E(@De-o®, (2 p) - t2pT)
- £ (< am o) + @R /)T’

- @*224 20 pg) (B 6 72:/“») Gl R )BA, ’))z/

= ° Em) v Py p)) 2 -) E( R/c Z’;)(?f/?)
"




=M —(c71 + (1 ‘uZéQ (2) wliat M o | d-& Prk (0(”\"5 crl QCC{S(;é(e_ ,LLI‘
Var(R) = 0'2 = (120'% (1— (1) 0'2 + 2a(1 — r1)011(72 (3) A L sesh < 2 2 2 2l
See p(éd =é{é,,>[o<24=x

= A [,ow\wo# corretaHlA
S IR T e

- Aol = @(*7)
(2, +( )é? i @_Q _@

=) é = “84+5Z\ -_ojé: éz)+@(z,¢"ézL;’_) X = 5—8—; —

k‘ Ve A perc s EHOS
L~ vt A P
=) po=alpap )+ Mz = (@‘@) e s (L pst A

(é) — whed b 4 MLPW denece 4 j\ Hes ‘i//f:::”i”ﬂ/w'
# b
FuT //// ok U‘ 29,
MrT
\ ZIL/\ L'z, f




E(R) = pp=am + (1 —a)uo =& (M= ¢3,) 243, 0 (2) Lace o 7mmh‘¢ Ao t-co

e W l
g,w“,w,g com asl for Hu Vﬂﬂ‘"d" e

47 rﬁ,e Vac_ranM@t:v A w(.\,q:ch‘ c..ea#es f-e W (o G~
2 el i.e. v vl 2

/(:’24*2;} GO = U-%
= (0 = 2= =)

o . Y
Whet cre Mt-/gb(e X o84 28S C
occes P’) /4@ L 50{

(‘—M(%) w 0&‘-011{.)« K= &:& /“;’/'2 v
izt o (3) —& .,l>§l
2 37 +( ’WMA:/Q ¢, (@
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E(R)=p=au + (1 —a)u (2)
'>< — 0(3 \'7 — (A -« g
Var(R) = 02 = a0} + (1 — a)%03 + 2a(1 — a)poyo; (3) ) C ¥ ce

2o A > Bea) H(U02) ~ Zaz W3, D x2 ey — sy =(erf
=) 2% < (=3, - 1-0)3,)°
ol Lé«t’(’zz) = ;2,:— O

=) & = LaCZA'ta(,&;—ZZ_\ = C O~ L. ‘242-?'/0_ =) & 2
=) st s &}o&md&mce - M =/ [0( — —Z"ié; 7(/0[4("”1 (_E;
. - 2 déf ‘&
=) T e oLt e . |4
o Ls gere o(z,,pow%__&—-*w“"‘“ no el
A . 72

p oot & o sabA 3 () =0

/‘A/\ \\e cr”

1+ \
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Accessible portfolios

We obtain all accessible portfolios (p,0) | ing (2) in (3) solving for o.
2, 2

— ?_
2 >
1p0f + p1o5 — (p1 + p2)poioo

0% + 035 — 2p0107

B




Accessible portfolios

> VarK?(Ry, Ry) = [‘?{’éfﬁgzl% — J%“(Lf__jf;lgz (Coefficiant of variation)

p203+p105—(p1+12) po102
02+03—2p0107

2
2

2| 2
o1t+o5—2poi0;

(1—p?)oo

2 _
and TP =

> upmvp =

(epmve, omvp): Expected value and standard deviation of the global
minimum-variance-portfolios. (6) represents a parabola with the vertex
(1epve, opmvp). For the extrema p = +1 we obtain separate solutions.




Efficiant frontier

Since we assume risk avers investors (higher risk implicates higher yields) only /0
the upper part of the parabola is economically relevant. This is called the \}1 oL /\
efficiant frontier. 7

Hmve

M4




Optimal Portfolio
I‘_n general a risk avers utility function is given by U(u, o) with g—ﬁ > 0 and
% < 0. The optimizing problem is then given by:

max U(, o) N.B. o2 = Al — pumve]? + oap (A= Vark?(Ry1, R2)) (7)

M | Indifference curve
-

-
" s -
u’:

Mpyp [
Optimal Portfolio

M1

W




Example

The explicit utility is given by U(pu,0) = p — glt:r2 with (a > 0). =

da

L(p,o0,\) = p— —0% +

— FOC
oL

E)_ﬁ
oo
oL

O\

—

2

1

* __ N
= HMvp £ 2

A
2

>(0° = (Al — pmve]® + oipvp))

1 — A\t — prmvp) = 0

—ac + o =0

0% — (Al — pmve) + aipvp) = 0
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Markowitz Portfolio Modell

L —

Assumptions:

1. An Investor has different risky\investment opportunities with finite

and arianc

2. Investors mineriod—utiliti with dgreasing marginal utility in

wealth and & risk avers structure:

3. Risk ist measured via the volatility of the expected yield.

e —

4. Decision varibales are only expected yield and variances.

|gher yield to I Gwen the
\_/

igher ris




Notation

r/wvyzy‘/‘
-\
B R;,Rg: Yield asset 1 and 2

>0 = E(Rl)ﬁ_@: E(R») : expected yield asset 1 and 2
> (D= o(R1)(0) = o(R): standard deviation asset 1 and 2

» @ = p(R1, Rg)f{av(ﬁ’l R>)/( @ correlation coefficiant of the yields
of asset 1 and 2

U-g_.r*cLch‘r‘eb

[yield of a Portfolio constisting of asset 1 and 2
,a = 11(R): expected yield of a portfolio
b@ = o(R): standard deviation of a portfolios

-J




Expected yield and Variance of a Portfollos e (X Jf'l“c’c\/)
£ s =
“ ’ = C%L _ et +«BELY)
_an 7/:"?} (1) ¢ hle S
i = I e v 2) e
( D @+ o(1—o)fER) tues(mdvz

[ W l.o.g. 11 < po and o1 < 02(;?01] proportion invested in asset 1

Ves (o B ot - o) 2) =B([wl, -k, LE@C? aﬂ)

:E(@*’(A S @-&l)/lzj)
x(faﬁ) + E=R4)T°)

= EC«&Z (R4~ pg) (D ) (B w)?@zx (4-0) (R )R /”))

,j,w
= o8 Fm) @«@f((—z /,)))+—Zo<(/1’b') F(( % /4)(21 /"2))
- CoV L¥a\FA




=M _(€71 + (1 ‘uZéQ & (2) wlbat Ui ra d& v)r‘k (0(;"5 erl GtCCeSe-S(e ‘lu
Var(R) — 2= a?0f + (1 — a)?o3 +2a(1 — r})@ﬁﬁa a2 st S 2 2,2 2
See p(éd =é{é,,>[o<24=x

[,ow\wc‘# ceryeteH 77—‘\
= @ — p(_zéA -t—(/t 0z) é {—2.»((4"0‘)2 -: >< 4—'7 {-2)47 Q,,gglzg,

= (X )
(¢ ) BUACE =@(4)

=) é = 0(84 + 52‘ -d%: éz)i—@(zx"ézvl-:) X = _/‘—22 —
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E(R) = pp=am + (1 —a)uo =& (M= ¢3,) 243, 0 (2) Lace o 7mmh‘¢ Ao t-co
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E(R)=p=au +(1—a)u (2) X =&, Y = U-ot) g&
Var(R) = 02 = a0} + (1 — a)%03 + 2a(1 — a)poyo; (3)

2 ! 2
Bod orear wewia) — zar it 2 eyt —ry o)

2" = (=3, - 1-)8,)"

3,)— 2, =0
=3 ia = |x2 t“zs‘géil => Co-be 2200 < ot (64t 2
.*J:[(»: ' ' /57 d&—.: _Séz_ Lohere e
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Accessible portfolios B X (-1 l)
We obtain all accessible portfolios (4, wﬂse_t]:mg&in (3) solving for o. YZ,L/JQ

| , y 2 - : =
@ I - | \p2oi + o3 — (1 + p2)poror (4)
' | )2 0% + 035 — 2p0107
L7 2 -1
[ el ek |




Accessible portfolios

> VarK?(Ry, Ry) = [‘?{’éfﬁgzl% — J%“(Lf__jf;lgz (Coefficiant of variation)

p203+p105—(p1+12) po102
02+03—2p0107

2
2

2| 2
o1t+o5—2poi0;

(1—p?)oo

2 _
and TP =

> upmvp =

(epmve, omvp): Expected value and standard deviation of the global
minimum-variance-portfolios. (6) represents a parabola with the vertex
(1epve, opmvp). For the extrema p = +1 we obtain separate solutions.




Efficiant frontier X QEO‘/OD( o

Since we assume risk avers investors (higher risk implicates higher yields) only /0 ”me
the upper part of the parabola is economically relevant. This is called the \}1 L /\ ':‘,'4,‘
efficiant frontier. 7/




. . A~
Optimal Portfolio 3 - wavéutxﬂfi))( (i = et
In general a risk avers utility function is given py M‘With % > 0 and - 1

% < 0. The optimizing problem is then given by:

4 \
iy . afﬁ"‘am
rﬂa N.B.\0? = Aljx — pumve)* + U;%WP) (A= Vark?®(Ry, R2)) (7) g
el —_ A

Indifference curve




LweJl O Jr y qM,a&L:c/OJ

Example V
The explicit utility is given by U(u, o) %}— S with (a >0

¢ de A2—c€ 2
a /3’ Micro <= s"(ﬂ‘e

), =
5 @,A C/A-/"n\l?) | =\, @W'Fﬁ

=

- 1= ANp = pmvp

A= — =

— 7 —ac+XNo=0 =/

J. A 2 2 S
?_@ — (Alp = pmve]” + GMV,:)— 0=/

M+@ - e e sy
' e At —~

) A
)=0 = /’M

Ave *"@%ﬂ




Portfolio with an additional riskless asset

Assumptions:
1. It is possible to invest any amount in the @t with yield Rp.

2. Any investment can be financed via a riskless credit with interest rate Ry.

— /

—




Notation ek e Zard Slhe ¢ Ao ol q/ o faglly o ook Lmek

INN peatatt
. Yiel

of the risky pogifolio, riskless interest rate

> Hp = E(Rp). ;ro = Ro : fxpected yield of the risky portfolio, expected
yleld of the fiskless ip@estment

» o, = 0(Rp).00 = 0: Standard deviation of the risky portfolio and the
riskless investment

F@yleld of the total investment consisting of the risky portfolio and the
riskless investment

» 1= p(R): Expected yield of the total investment
\.—

S—

» o = o(R): Standard deviation of the total investment




' 1311 2
_Expected ylelcf anijtandard dewi’gon of the total (/M{G‘)() — Ce w
iInvestment 4%y Hw(,ejg %

)4 £
R =Ors (1= Do )
(,B} — E(R) =l = .,Slup + (1 — J))RO Ro |-+ ff( — ) > (9)
2(8) = Var(RL=oZlZa)—Nac [ff, (K (10) U
_/ 7 ')~ BX "j; N I —6
f TR LRGN TR
I ke \N = frarpeRatio SRo)S ‘ﬁuwcc A N
n /L{\/ . o d m‘s\w&
. v A
T Ay )
AV aﬁf o e \__o“,,,uw S
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Capital market line
The accessible portfolios of the total investment are obetained via equation
(11). The efficient total investments are calculated via the tangent including
the point (0, Ro) touching the efficient frontier of the risky portfolio:

\ Rtal marketfine:
efficient froptier of

: ws
H thet&tall vestment. o~ -

—
—




Capital market line and the market portfolio &L; ?37'

In general we obtain the capital market line via

’{iﬂ% oder @

For the efficiant frontier of the risky portfolio we have: /

@ A= el + s ’TUQ (14)

The capital market line is (equation (12)) the line with maximum slope B
touching the efficient frontier of risky profolio (equation (14)). Thus, we have

( WP’ d,w:%

De 5LML.M

to minize the parameter| B subject to the capital market line and efficient
frontier are touching each other.




Capital market line and the market portfolio

T@N'B' g(éaﬂ):h(ﬂ) (15)
= L(B.u\) = BB — Ro)? - A[u pmvel® + oigyp))  (16)

Qeodti = —— ,@@)z

FOC: 7\
T — ﬁ)\p R{] ) ] 5WJ (’é)
Sy £V ‘ ¢
— 2)\ BU RD)_A@_#MVP) ) W

y/ We “ SM




Capital market line and the market portfolio
Solving FOC, we obtain:

1 — Ry1°?
Bkmir = \/A + ['{LMVP 0] (17
I oMVP
C”?WP (

M = ipmvp + 18
: : A(epmve — Ro)

p) 2 "-T%VWP
O = O +1

M MVP A(ﬁMVP . R0)2

with Bk : slope of the capital market line (#i, op): Expected yield and
stadard deviation of the|market portfolio. The market portfolio consists of

B

ap = BEM—E2 of asset 1 and 1 — apy = EM—EL of asset 2.
11— 2 H2—H1

— |t is possible to replicate every risk profile via investing in the riskless

asset and the risky market portfolio, starting with 100% investment in the
riskless asset (1, 0) = (Rp,0)).

T ]




Optimal Investment of the riskless asset

The condition for the optimal investment is now given by the tangent point

of capital market line and the indifference curve.

max U(p,o) N.B. p= Ro+ oBkmre

Investor with risk
| aversion equal to the
capital market risk

| Investor with risk
aversion lower to the

| capital market risk

capital market risk

l ')

W

(20)




Example L9
P //L/( e

Again utility is given by U(p, o) = pp— 302 mit (a > 0). =
P27

a
L(jr,0,\) = — =% + MNRo + 0 Bxmr — 1)

2
L
%— - 1—A=0 &
L A
OL e ot
— = —ao + ABkyr =0
o
oL
N = Ro+ ocBkmre — 10 =0

Bicmt o Brkmi g _ 1w — Ry

d d | 1y — Ro

— ,(L*:Ro—I—




CAPM and linear regression
Over or under performance of security i in relation to the market portfolio M
is given by (due to the ass/m\gtlons of the Makowitz model)e:

CAPM-equation

s/s"‘cwd(wS

In analogy/to the capital market line this condition related to a SpECLfIC e
securit d ket |i - b U’/DJ .
y isinamed security market line. £—rper L Lp

(i — Ro is the risk premium ¢f security i related to the riskless interes rate Ry
equaling// times the risk premium of the market portfolio related to Rp.

Therford 3 can be interpretefl as the individual risk of security / relativ to the

market fisk. &glv\»w"”’” e g e esio_.

wu?/h‘éﬁpﬂ ~ Mwwc S
fy/Jr?( /% /\'I/GJN/ ’Z\,r-o ML(/QK
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CAPM and linear regression —~ CCPH’*[ Aegek Loy - Modell

Over or under performance of security i in relation to the market portfolio M =/ = méléﬁ*"w""""“‘"
is given by (due to the assumptions of the Makowitz model)e qbf}l & “t M u/w(/«“f Vﬂ"(‘ T

ov R:. RN} =] sl

fl (Ro ,. >quation
\\‘é}'l/ @ Lo ks

‘\‘_-/"

In analogy/to the
security isfnam

| is condition related to a SpECLfIC J €
security market)e). L—pr bl M Z/ylf ‘/0

(i — Ro is the risk premium ¢f security i related to the riskless interes rate Ry
equaling// times the risk premium of the market portfolio related to Rp.
Therford 3 can be interpretefl as the individual risk of security / relativ to the

market fisk. &gl\/\/\/“‘"j” e g e esio_.
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CAPM and linear regression

Over or under performance of security i in relation to the market portfolio M

is given by (due to the assumptions of the Makowitz model)e: /L{H 4— Lar'b,e S{A‘a\-’
COV(R;. R Verlie
@ Ro = ( AR ) (pm — Ro)  CAPM-equation sYP &£60
Tm

(-—u.Da-Q—d-
R S A <®1>/‘rf.

. Ullew
In analogy to the capital market line this condition related to a specific / ~ \m o —~FS
security is named security market line. :

(i — Ro is the risk premium of security i related to the riskless interes rate Ry
equaling [ times the risk premium of the market portfolio related to Ryp.

Therfore 3 can be interpreted as the individual risk of security i relativ to the

market risk. (Obwt Auter glosdd 2ve tle v dds \J'o
e~ A e - ‘(«/@msz L

w A2
: .y Lol Ykt S
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